We examine the hypothesis that the red near-infrared colors of some L dwarfs could be explained by a "dust haze" of small particles in their upper atmospheres. This dust haze would exist in conjunction with the clouds found in dwarfs with more typical colors. We developed a model which uses Mie theory and the Hansen particle size distributions to reproduce the extinction due to the proposed dust haze. We apply our method to 23 young L dwarfs and 23 red field L dwarfs. We -2 -constrain the properties of the dust haze including particle size distribution and column density using Markov-Chain Monte Carlo methods. We find that submicron range silicate grains reproduce the observed reddening. Current brown dwarf atmosphere models include large grain (1-100 µm) dust clouds but not submicron dust grains. Our results provide a strong proof of concept and motivate a combination of large and small dust grains in brown dwarf atmosphere models.
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Introduction and Problem
Brown dwarfs are substellar objects with intermediate masses bridging the stellar and planetary regimes. Brown dwarfs do not have high enough mass to sustain hydrogen fusion in their cores, so they keep cooling with time. As brown dwarfs age, they also contract and their surface gravities increase. The cool temperatures of brown dwarfs allow condensates to form in their atmospheres, which shape their emergent spectra (Burrows et al. 2001 ).
There is a wide spread in J − K s colors of L dwarfs of a given spectral type. So-called 'red' L dwarfs have redder-than-average near-infrared (NIR) colors, and have notably redder spectral slopes through the NIR than typical L dwarfs (Faherty et al. 2013 ). Low-gravity objects tend to be systematically redder but some field-aged L dwarfs also have redder colors. Red, low-gravity L dwarfs can be considered 'exoplanet analogs' and are of particular interest Cruz et al. 2009; Faherty et al. 2009 Faherty et al. , 2013 .
While the range of NIR colors of L dwarfs has not been fully explained, it is commonly attributed to variation in metallicity, gravity, and/or cloud properties Marley et al. 2012) . Brown dwarfs are thought to have refractory particles typically ranging 1-100 µm in size in their atmospheres and these particles shape their emergent spectra (Ackerman & Marley 2001; Cushing et al. 2008) . Current brown dwarf atmosphere models either use these large dust grains that are organized into discrete cloud layers, or small submicron grains that are mixed throughout the atmosphere (Allard et al. 2001) . These atmosphere models reproduce the general trend of L dwarf spectra but fail to give a reasonable explanation for the observed reddening in the NIR. Model spectral energy distribution (SED) fitting sometimes gives unrealistically low gravities and small f sed (cloud sedimentation efficiency parameter) values (Ackerman & Marley 2001; Cushing et al. 2008) and radii too small compared to evolutionary models ) for red L dwarfs. A better dust treatment is needed that can account for the observed reddening in L dwarf spectra.
In efforts to understand the red objects empirically, it has been found that dust described by the interstellar reddening law can de-redden red L dwarf spectra to look like standard objects Marocco et al. 2014) . Interstellar reddening is the extinction of starlight caused by the interstellar dust. The interstellar grains, which have radii less than 1 µm, suppress blue light more effectively than red light. As a result, distant stars look redder than they actually are. The interstellar reddening law (extinction law) is an empirical relationship between the extinction at any wavelength A(λ) and the visual extinction A(V ) (Cardelli, Clayton, and Mathis 1989) . We do not expect significant interstellar reddening in brown dwarfs since they are so close to the Sun on a galactic scale, so the use of the interstellar reddening law to de-redden brown dwarf spectra is not physically motivated. However, ISMlike grains (< 1 µm) in the atmospheres of red L dwarfs might produce results similar to the interstellar reddening law and explain the observed reddening. Looper et al. (2010) de-redden the optical spectra of TWA 30 (young M5 star) using the interstellar reddening law described by Cardelli, Clayton, and Mathis (1989) . Although the reddening seen towards TWA 30 may be due to dust in the disk within the line of sight, Looper et al. (2010) demonstrated that the interstellar reddening law can be successfully used in this case and it can be useful for dealing with reddening due to small grains other than the interstellar medium (ISM). Marocco et al. (2014) de-redden the spectra of several L dwarfs including ULAS J222711−004547 (L7pec) using two interstellar extinction curves (Cardelli, Clayton, and Mathis 1989; Fitzpatrick 1999) and found that sub-micron size dust grains can explain the reddening effect. Furthermore, Cushing et al. (2006) ascribe a flattening in the spectra of mid-type L dwarfs seen at 9-11 µm to a population of small silicate grains above the main cloud deck.
These three results imply that brown dwarfs with red spectral energy distributions may have small grains like the ISM which are smaller than 1 µm in addition to larger grains ranging from 1-100 µm currently included in the models in their atmospheres that scatter and absorb the emergent light.
In this work, we develop a prescription for a dust haze in L dwarf atmospheres and test whether it can account for the characteristics of red L dwarf spectra. By constraining the nature of this dust haze we aim to better understand the physical cause of the reddening in brown dwarfs. Independently, two previous studies explored a similar dust haze analysis, Marocco et al. (2014) for brown dwarfs and Bonnefoy et al. (2015) for directly imaged exoplanets. Marocco et al. (2014) , Bonnefoy et al. (2015) , and this work are all motivated by the success of the interstellar reddening law in de-reddening unusually red L dwarf spectra and aim to explain the observed reddening by introducing a layer of small dust grains in the upper atmospheres. Despite the similar ideas and concepts, the method we describe here is distinct from those previous studies as described in §4 and §6.3.
The sample of L dwarfs studied in this analysis is presented in §2. In §3, we present our method of using spectral observations to estimate the reddening. We explain our dust haze model in detail in §4, and model fitting method in §5. Finally, we present our results in §6 and conclusion in §7.
Sample and Spectral Observations
In order to study the observed reddening, we compiled a sample of low-resolution NIR spectra of 23 L dwarfs with low gravity features in the optical ) and 23 red field L dwarfs ).
Our red field objects have spectral features indicative of field gravity with J − K colors redder than the spectral standards . This definition of 'red' is specific to the purpose of this analysis. For example, Faherty et al. (2013) defined 'red' as having a redder J − K color than the mean J − K of normal objects in the spectral type as opposed to comparing to the spectral standard. Therefore, red objects in our sample may be different from objects that are defined red by Faherty et al. (2013) or other papers. The objects in our sample are listed in Table 1. Our sample includes 18 new spectra of red L dwarfs obtained with the SpeX spectrograph on the Infrared Telescope Facility (IRTF) . Observations were obtained over 28 nights during [2003] [2004] [2005] [2006] [2007] [2008] [2009] [2010] [2011] . The targets and observation dates are listed in Table 1 . All objects were observed in clear and dry conditions. The targets were observed dithered pairs (ABBA) to enable pair-wise subtraction. We used the 0.5 slit and prism-dispersed mode to obtain λ/∆λ ≈ 120 spectra covering 0.7-2.5 µm. The data were reduced using the SpeXtool package (Cushing et al. 2004) , nearby A0 V stars were observed for flux calibration and telluric correction , and internal flat field and Ar arc lamp exposures were obtained for pixel response and wavelength calibration.
Estimating the Observed Reddening
In order to estimate the observed reddening, we compared red L dwarfs (including young and field) to the field spectral standards. The observed reddening was obtained by dividing the spectrum of the field standard by the spectrum of the red L dwarf. The top panel of Figure 1 shows spectra of a red L dwarf and a spectral standard, illustrating the redder spectral slope of the red object. The bottom pane is the ratio of the two spectra and visualizes the estimated observed reddening of the red object. The small-scale features seen in the observed reddening are due to gravity-sensitive spectral features such as FeH, VO, and the triangular-shaped H band . We assume these features are not caused by reddening, so we treat the overall shape of the observed reddening as a smooth curve.
Modeling the Observed Reddening
In this paper, we develop a prescription for a hypothesized dust haze of small particles in the atmospheres of the so-called 'red' L dwarfs to explain the observed reddening in their spectral energy distributions (SEDs). In order to model the observed reddening, we used Mie theory to calculate the 'raw' extinction coefficients due to forsterite grains. Then we averaged the raw extinction coefficients over various particle size distributions to calculate the 'effective' extinction coefficients and to generate a model grid to compare with the observed reddening.
Dust Haze Prescription
In Figure 2 , we show an illustration of the proposed dust haze in the upper atmospheres of red L dwarfs. Our model prescribes that the dust haze must be high in the atmospheres so that it is too cool (since the temperature decreases as the altitude increases) to radiate significantly in the NIR. The prescribed dust haze lies above the main cloud deck, so the dust grains in the haze affect the emergent spectra. Our prescription does not have thickness or height, therefore we are not constraining the position or dimensions of the dust haze any further than lying above the main cloud deck.
The dust haze grains were modeled by forsterite grains. As shown by Lodders and Fegley (2006) , forsterite (Mg 2 SiO 4 ) is thought to exist in L dwarf atmospheres among other dust species such as corundum (Al 2 O 3 ), enstatite (MgSiO 3 ), and iron. Corundum condenses at higher temperatures in the atmospheres of late M dwarfs. Liquid iron and silicates condense in early L dwarfs between 1600 -1840 K. Since iron grains form deeper in the atmosphere, the dust is most likely silicate. The silicate grains in the L dwarf atmospheres are thought to be a mixture of forsterite and enstatite. Since the extinction curves of forsterite and enstatite have similar shapes, forsterite was used in our analysis.
Extinction is the sum of absorption and scattering, and is the fraction of incoming light that gets affected by interactions with particles. Reddening is a type of extinction, which occurs when extinction is more effective at shorter (bluer) wavelengths than at longer (redder) wavelengths, and has the effect of making the spectral slope redder. We used Mie theory to model the reddening effect of the proposed dust haze on the emergent spectra of red L dwarfs. Mie theory applies when the scattering particle is spherical and its size is similar to the wavelength of the scattered light, which is appropriate for sub-micron size grains in the NIR. For larger particles, Mie scattering is independent of wavelength while for smaller particles, it is wavelength dependent. Mie scattering reduces to strongly wavelength dependent Rayleigh scattering when particle sizes are much smaller than wavelength. We employed a Mie code, described in Toon and Ackerman (1981) , and the refractive indices of forsterite (G. Sloan, pers. comm.) to compute the 'raw' extinction coefficients, Q ext (r, λ), for particles of radii between 0.01 and 10 µm.
Particle Size Distributions
In order to calculate effective extinction coefficients from the 'raw' extinction coefficients directly computed from the Mie code, we need to choose a particle size distribution n(r). We considered three different particle size distributions commonly used to model grains, clouds and hazes in various settings: power law, Gaussian, and Hansen distributions. Figure 3 , compares the shape of the three distributions. We describe the motivation to use these particle size distributions and results below.
We considered a power law particle size distribution n(r) ∝ r p with p = −3 and particle radius r ranging between 0.01 -10 µm to model theoretical extinction due to the proposed small dust grains. Power law particle size distributions with p ≈ −3.5 are typically used to characterize interstellar dust and grains in the circumstellar disks around young brown dwarfs (Mathis et al. 1977; Draine 2006; Luhman et al. 2005; Broekhoven-Fiene et al. 2014) . Figure 3 shows two different power law particle size distributions with p = −3 and -3.5.
We also considered a Gaussian particle size distribution n(r) =
with the mean radius µ = 0.5µm and a width √ 2σ = 0.1×µ. This particle size distribution is adopted from Marocco et al. (2014) , who de-reddened ULAS J222711−004547 using corundum and enstatite, and other red L dwarfs using corundum with Gaussian particle size distributions and found µ ∼ 0.5µm.
We also considered the Hansen particle size distribution, which is a variation of the gamma distribution and is expressed as follows.
( 1) where a is the mean effective radius and b is the effective variance. Following Hansen (1971) , a and b are defined as
respectively.
The Hansen particle size distribution successfully reproduces the observed particle size distributions of different types of water clouds in Earth's atmosphere (fair weather cumulus, altostratus, and stratus clouds) as shown in Figure 1 of Hansen (1971) . Figure 3 shows two Hansen particle size distributions with the mean effective radius a = 0.2 µm for effective variances b = 0.1 and 0.5. The Hansen particle size distribution with a large variance (dashed green, b = 0.5) is similar to power law particle size distributions in the regime of small particle size ( 0.1 µm).
Computing Modeled Extinction Curves and Comparing to Observations
In order to account for a range of particle sizes and to smooth over the small-scale interference patterns in forsterite extinction coefficients, we computed effective extinction coefficients by averaging the raw extinction coefficients over a particle size distribution. Effective extinction coefficients are defined as
where n(r)dr is the number of particles per unit volume with radius between r and r + dr.
The integration limits we employed are 0.01−10 µm. Particles smaller than this range would be too small (a few atoms) to scatter light and particles that exceed 10 µm tend to be grey at all wavelengths (i.e. the extinction they cause will be independent of wavelength).
In order to compare the observed reddening to the modeled extinction, we assume that the observed flux, I, from a red L dwarf can be modeled as
( 5) where I 0 (λ) is the flux of the field standard L dwarf, f is a scaling factor, and τ (λ) is the optical depth of the dust haze in the red L dwarf atmosphere, assuming the red L dwarf can be described by the field L dwarf surrounded by the dust haze as in Figure 2 . The scaling factor f is determined by the distances and sizes of the objects.
where d 0 and d are the distances to the field and the red L dwarfs, and R and R 0 are the radii of the red and the field L dwarfs, respectively.
Solving Equation 1 for the optical depth we get
The optical depth τ (λ) is related to the Mie extinction coefficient Q ext (λ) as
where N is the column density of the haze layer and a is the effective radius of the scattering grains which we assume are composed of forsterite. Q ext (λ) is the wavelength dependent forsterite grain extinction coefficient which we calculated using the Mie code (Toon and Ackerman 1981) . We averaged the forsterite coefficients over a particle size distribution n(r) as described in Equation 4.
Combining Equations 7 and 8, we get
where N , a, and Q ext (λ) are the column density of the dust haze, the mean effective radius found from the particle size distribution n(r), and the effective forsterite extinction coefficients of small grains from Equation 4. The constant term C accounts for the scaling factor f and any differences in grey atmospheric opacity between the L dwarfs. Since the reddening we observe is wavelength dependent, we relegate any grey component to the C term. C is independent of wavelength because Q ext (λ) approaches a constant for a >> λ. The RHS of Equation 9 is the modeled extinction and the LHS is the observed reddening. As explained later in §5, we used MCMC methods to constrain the parameters in the modeled extinction (N , a) that best reproduce the observed reddening. Figure 4 shows model fits to the observed extinction using the three different particle size distributions. The top panel shows the observed reddening (black, same as the bottom panel in Figure 1 ), theoretical extinction curves using the Hansen, power law, and Gaussian particle size distributions. χ 2 value and the degrees of freedom for each fit are reported in the legend. The bottom panel shows the residual between the observed reddening and the theoretical extinction curve as a percentage of the observed flux. Figure 4 demonstrates that all three modeled extinction curves fit the observed reddening reasonably. The Hansen and power law particle size distributions reproduce the smooth shape of the observed reddening, while the Gaussian particle size distribution results in a less smooth extinction curve.
Evaluation of Particle Size Distributions and Creating a Model Grid
For the remainder of our analysis, we adopt the Hansen particle size distribution because of the favorable behavior shown in Figure 4 , the fact that it reflects the microphysics and structure of Earth's clouds, and because it has various helpful properties that are useful for algebraic manipulation (Hansen 1971) .
In Figure 5 , we show our model grid of forsterite extinction coefficients for various Hansen particle size distributions. The effective forsterite extinction curves for small mean particle sizes (a ≤ 0.4 µm) more closely resemble the observed reddening than those with a larger mean particle size. For these small mean particle sizes, extinction coefficients are wavelength dependent and resemble the curved shapes of the observed reddening (Figure 1 ). For particles larger than 0.4 µm, extinction coefficients are less wavelength dependent and the resulting extinction shapes are flat ('grey'), which do not fit the observed reddening. The curves for a = 1.0µm are shown as representatives of the curves with a > 0.4µm.
The range of effective variance b was determined based on the shape of the Hansen particle size distribution. Small effective variances (b < 0.1) result in a particle size distribution concentrated at the mean effective radius, and large effective variances (b > 1) make the particle size distribution wide and resemble a power law particle size distribution. Thus, we decided to use Hansen particle distribution with a parameter grid of mean effective radius a between 0.05 and 0.4 µm, and effective variance b between 0.1 and 1.0 as priors for the rest of our analysis.
Methods: Fitting the Models to the Observed Reddening
We use Markov-chain Monte Carlo (MCMC) fitting to estimate the best-fit parameters and their uncertainties. MCMC is a Bayesian inference method which provides a sampling approximation of the posterior probability distribution function (PDF). An MCMC run produces a chain of positions in parameter space, and a histogram of these positions provides the approximation of the posterior PDF. MCMC allows for more in-depth probabilistic data analysis than χ 2 minimization, for example, it efficiently approximates the full posterior PDF, which in turn provides uncertainties on and illustrates covariances between model parameters.
The Goodman-Weare (G-W) algorithm improves upon the Metropolis-Hastings (M-H) algorithm by changing the method for choosing trial positions (Goodman and Weare 2010) . The G-W algorithm deploys an ensemble of chains, known as "walkers", instead of a single chain. The trial position for each walker is chosen from the ensemble's location in parameter space, with some probability for choosing a position outside the occupied region. This method does not require hand-tuning the step size for each parameter, and the selection of trial positions can be parallelized. The G-W algorithm more efficient than the M-H algorithm in both human working hours and computation time. (Goodman and Weare 2010; Foreman-Mackey et al. 2013) We use the open-source python implementation of the G-W algorithm, emcee (ForemanMackey et al. 2013) , to fit the observed reddening with our model grid described in §4.3. The modeled extinction curves are parameterized by the mean particle size a and effective variance b for the Hansen distribution and the column density N of forsterite grains. We assume an unnormalized flat prior probability distribution for each parameter. The effective extinction coefficients are linearly interpolated and the modeled extinction at each wavelength point is calculated as Equation 9.
We also model the vertical offset between the observed reddening and the extinction curve with a constant C, and include a tolerance parameter s. The tolerance s estimates the uncertainty in the model as a single value across the extinction curve; it accounts for the fact that the photon-noise uncertainties are smaller than the typical difference between each observed reddening point and the corresponding point on the extinction curve. If we denote observed reddening points as r = {r i } and the corresponding uncertainties as σ 0 = {σ 0,i }, we compute the natural logarithm of the likelihood function as
The natural logarithm of the posterior PDF is given by ln(PDF)(a, b, N, C, s|r, σ 0 ) = lnL(r|a, b, N, C, s, σ 0 ) + lnP(a, b, N, C, s, σ 0 )
We assume an unnormalized flat prior on each parameter, so P(a, b, N, C, s, σ 0 ) = 1 and lnP(a, b, N, C, s, σ 0 ) = 0.
We pass a function for ln(PDF) to emcee, which uses that function to determine acceptance of each step in parameter space. We typically use 100 walkers. After we iterate for 200 steps to generate a new set of initial positions for the walkers, we reset the walkers and restart from the new initial positions. We iterate for 2000 steps after a burn-in period of 200 steps.
Results and Discussion

Fitting Dust Haze Parameters
We used the MCMC method described in §5 to fit dust haze extinction models to the observed reddening curves for each object and constrain the physical properties of the proposed dust haze. We plot the 1D and 2D marginalized posterior PDFs for all parameters in Figure Set 6 . Models corresponding to 100 randomly-drawn parameter sets from the posterior PDF are shown with the data in Figure Set 7 . The constrained properties of the dust haze include mean effective radius, effective variance of the Hansen distribution ( §4.2), and column density of the dust haze.
In Figure Set 6 , we show the posterior distributions for each parameter. Each figure has 1-D distributions for the parameters and 2-D contours for each combination of parameters. Gaussian-like 1-D distributions and round 2-D contours indicate no covariances. Quantiles (16, 50, 84 %) are shown with dashed lines and are used to report the uncertainties on the parameter fits. In many objects, the PDFs for the mean effective radius a, column density N , tolerance parameter log s, and vertical offset constant C have clear peaks and therefore are well constrained. The variance b, on the other hand, is not well constrained in most objects.
The column density values N are comparable to the value of typical brown dwarf atmospheres (∼ 10 8 cm −2 ), which indicates that our results are reasonably realistic. However, there is a correlation between parameters a and N as seen in the 2-D contours. The relationship between a and N is shown in Equation 9. In order to compute the optical depth, we multiply the column density N , scattering cross section πa 2 , and effective extinction coefficient Q ext (λ). The effective extinction curves are similar over a small range of grain radii, so we are constraining the product N a 2 . Therefore, a 2 and N are inversely proportional and this relationship appears in the posterior distributions.
In Figure Set 7 , we show the resulting model fits to the observed reddening. The black line is the observed reddening ( §3) and the green lines are 100 models randomly drawn from the posterior distributions. The models reproduce the overall shape of the observed reddening.
In Figure Set 8 , we compare a de-reddened spectrum of a red L dwarf, the spectrum of the field standard L dwarf, and the original red L dwarf spectrum. The de-reddened spectrum is the spectrum of a red L dwarf corrected by the best-fit forsterite extinction curve determined by the MCMC analysis. χ 2 values between the red and standard spectra, and between the de-reddened and standard spectra are reported. The χ 2 values are used simply to quantitatively demonstrate that the de-reddened spectrum is a better fit to the standard spectrum than the original red L dwarf spectrum. The tolerance parameter s is not included in the calculation because it is not necessary for this purpose. In all cases the de-reddened spectrum fits the standard spectrum better than the original red L dwarf spectrum, as reflected by the significant improvement of χ 2 value after the de-reddening.
In Figures 9 and 9 .2, we show an example of the de-reddened spectra ( Figure Set 8 ) and model fits ( Figure Set 7) for each spectral type. In all spectral types, the de-reddened spectra looks much closer to the standard spectra than the original red L dwarf spectra. These results show that the submicron-sized dust haze prescription can successfully account for the red SED and J − K s colors of L dwarfs.
In Figure 10 , we show improvement in χ 2 due to the proposed dust haze prescription. The ratio of χ 2 before de-reddening to χ 2 after de-reddening is plotted against ∆(J − K s ) color, which is the difference in J − K s color between the red L dwarf and the field standard L dwarf. We use ∆(J −K s ) because we compare the spectra of red L dwarfs to the standards to isolate the observed reddening. The value of χ 2 is improved for all objects, which shows that the de-reddened spectra fit the field standards better, and in most cases substantially better (> 10x), than the original red L dwarf spectra.
Correlation with Gravity
It has been widely noted that low-gravity L dwarfs have redder NIR spectral energy distributions compared to the field-gravity spectral standards. A discussion of how clouds behave differently at low and moderate gravity is given in Marley et al. (2012) . In addition to the cloud height differences discussed by Marley et al. (2012) , one might expect to see a correlation between dust haze properties and low-gravity spectral features. We hypothesized that the proposed dust haze might dissipate over time due to grain growth by condensation. Large condensed particles are expected to fall out of the dust haze as a result of the sedimentation rate exceeding the remixing rate by eddy turbulence (Marley et al. 1999) . Reduced convective velocities and perhaps less vigorous gravity wave excitation with age could also contribute to more efficient dust settling. Thus, young, low gravity L dwarfs might have optically thicker dust hazes which may explain their red NIR colors. The proposed dust haze could also explain the reddening within field L dwarfs and the properties of the dust haze might be correlated with age.
In Figures 11 and 12 , we show scatter plots of mean effective radius a and column density N versus ∆(J − K) color, respectively. Green symbols denote low-gravity objects and magenta denote field-gravity. Circles denote objects with PDFs with strong constraints, while squares and diamonds denote objects with weak constraints for some of the parameters. There are visually noticeable differences between the distributions of the low-gravity and field-gravity objects in both Figure 11 and Figure 12 . In Figure 11 , we show that there is no correlation between mean effective radius a and ∆(J − K) color for the low-gravity objects, while the distribution of the field-gravity objects show a correlation. In Figure 12 , the distribution of the low-gravity objects span a wider range of column densities, while the field-gravity objects tend to have lower column densities. Even though there are visible differences between the distributions of the low-gravity and field-gravity objects, the two distributions partially overlap and the correlations are not strong.
In order to quantitatively determine if the distributions of the low-gravity objects and the field-gravity objects are indeed different, we performed a two-dimensional K-S test on the two distributions in both Figure 11 and Figure 12 . The probability of the two distributions in Figure 11 drawn from the same parent distribution is 2.32 · 10 −4 , and the probability of the two distributions in Figure 12 drawn from the same parent distribution is 5.11 · 10 −6 . These results show that the low-gravity and the field-gravity objects are most likely drawn from different distributions.
The lack of strong correlations between the dust haze properties and gravity might be due to a model grid not spanning a wide enough range of effective variance, b. We consider 0.1 < b < 1.0 because Hansen particle size distributions for large b look like a power law size distribution (Figure 3; Equation 1 ). This makes the results for these objects somewhat unreliable. In most of those objects, b tends to be close to the upper limit and therefore is not well constrained (Figure Set 6 ).
Further, our initial assumptions about low-gravity and field L dwarfs may be unrealistic. We assumed that low-gravity and field L dwarfs with the same base spectral type (e.g. L2 and L2γ) have the same effective temperatures and the low-gravity L dwarf has the hypothetical dust haze of small grains in the upper atmosphere. However, recent evidence suggests that low-gravity L dwarfs do not necessarily share the same physical properties with field L dwarfs just because they share the same base spectral type (Luhman 2012; Filippazzo et al. 2015) . Young, low gravity L dwarfs might have cooler effective temperatures than field L dwarfs in the same spectral classification (Faherty et al. 2013) . This suggests that an earlier type standard would be a better comparison. We could be comparing objects with different effective temperatures and thus, not setting accurate estimates of the dust haze properties.
Since the overall shape of a spectrum is very sensitive to the effective temperature, comparing objects with the same effective temperatures might be more useful for future analysis.
Finally, the overlapping distributions of a and N may indicate that the dust hazes of low-gravity and red field L dwarfs are not different from from one another. It might be the case that gravity does not play a major role in determining the properties of the dust haze and the same distribution of dust haze properties exist in both low-gravity and red field L dwarfs. Some red field L dwarfs might have a dust haze for reasons other than gravity, such as differing rotation rates, composition, or evolutionary history.
Comparison to Marocco et al. (2014)
Independently, Marocco et al. (2014) (hereafter, M14) present results from a similar analysis. Bonnefoy et al. (2015) closely followed the approach of Marocco et al. (2014) so we do not consider it further here. Like us, they are motivated by the utility of the interstellar extinction law in de-reddening red L dwarf spectra, use Mie theory to characterize a highaltitude population of sub-micron dust grains, isolate the observed reddening by comparing red L dwarf spectra to spectral standards.
However, M14 consider corundum (Al 2 O 3 ), enstatite (MgSiO 3 ), and iron while we use forsterite (Mg 2 SiO 4 ). We use forsterite as a test dust particle because extinction curves for forsterite, enstatite -both of which are silicates-and corundum all behave similarly in the near infrared. We use silicate instead of iron because silicate grains form higher in the atmosphere than iron. Actual dust grains in the brown dwarfs atmospheres are most likely a mixture of these species.
Our model includes more parameters than M14. They have two parameters: characteristic grain radius r and normalization of the extinction curve at 2.20 µm while our model includes mean effective grain radius a, effective grain size variance b, column density N , vertical offset C, and tolerance factor s as described in §4. The N and C parameters account for normalization as shown in Equation 9. M14 perform χ 2 minimization to select the best fit parameters and therefore do not have uncertainties, while we use MCMC to determine best fit parameters and their uncertainties.
The range of the characteristic grain radius M14 found for corundum and enstatite are slightly larger than what we found. They obtained r = 0.4 -0.6 µm for corundum and enstatite, while our results for the mean effective radius for forsterite are generally smaller (0.15 − 0.35µm). Their results for the maximum radius of iron are 0.15 -0.3 µm, closer to the values we found for forsterite grains.
M14 applied their method to five red L dwarfs, and we applied our method to 46 red L dwarfs including low-gravity and field-gravity objects. They used objects with later spectral types (L5 -L7), so there is only one common object between their sample and ours. 2MASS 0355+1133 is used in both studies but compared to different spectral standards. M14 used SDSS J0835+1953 as the L5 standard while we used 2MASS 1507-1627. They found the characteristic grain radius for 2MASS 0355+1133 to be 0.4 µm and we found the mean effective radius to be 0.3
Regardless of the different methods, these two studies show similar results. The reproducibility of the results demonstrates the viability of sub-micron size dust grains, and warrants further study and inclusion of small dust grains in future atmosphere models.
Conclusion and Summary
The success of the interstellar reddening law in de-reddening L dwarf spectra led us to investigate the possibility of a population of small submicron-sized dust grains in red L dwarf atmospheres that can possibly explain their red NIR colors.
In order to isolate and characterize the reddening, we compare spectra of red L dwarfs to field spectral standards. The observed reddening is treated as smooth power-law shaped curves. We use Mie theory to model the dust haze of small particles with theoretical extinction curves.
We use a Markov-Chain Monte Carlo algorithm to fit the theoretical extinction curves to the observed reddening in order to find the best-fit values and uncertainties for the properties of the dust haze. We apply this method to 23 L dwarfs with low-gravity spectral features and 23 field L dwarfs with redder J − K colors than the spectral standards. We find that small forsterite grains (< 0.5 µm) reproduce the observed reddening. There are differences in grain properties between low-gravity and field L dwarfs, which indicates that dust haze properties may be correlated with surface gravity. The best-fit column densities of forsterite grains are reasonable compared to typical brown dwarf atmospheres. These results suggest that a dust haze of small particles with a Hansen particle size distribution can account for the observed red NIR spectral energy distributions of brown dwarfs. However, to rigorously explore this hypothesis other particle species and particle size distributions should be explored as well.
This work is a proof of concept and it provides a strong motivation for including small dust grains in future atmosphere models of brown dwarfs. Future work on the role of small grains in brown dwarf atmospheres will include other grain species such as corundum and enstatite. The dust haze analysis can be applied to other studies including variability in brown dwarfs, exoplanet atmospheres, and the interstellar/intergalactic medium.
We thank our anonymous referee for thorough and helpful comments. This material is based upon work supported by the National Science Foundation under Grant No. AST-1313278. Support for this project was provided by a PSC-CUNY Award, jointly funded by The Professional Staff Congress and The City University of New York. Fig. 1 .-The top panel shows SpeX Prism spectra of a red L0 dwarf 2M 0141-4633 (red) and the L0 field standard 2M 0345+2540 (black). Each spectrum is normalized by the mean flux of the entire spectrum. The red object has excess flux longward of 1.5 µm. The bottom panel shows the observed reddening, which is the log of the flux ratio between 2M 0345+2540 and 2M 0141-4633. The spectrum of a red L dwarf de-reddened by the dust haze prescription is compared to the spectra of the field standard object. Black is the standard, red is the red object, and green is the spectrum of the red object de-reddened by the forsterite extinction curve for the best fit parameters from MCMC fits. χ 2 values before and after the de-reddening are also shown. The de-reddened spectrum fits the standard spectrum much better and has a smaller χ 2 value than the original red spectrum. This shows that the proposed dust haze prescription successfully corrects the red NIR slopes of red L dwarfs to look like the standard object. is plotted against ∆(J − K) color. χ 2 before is χ 2 between standard and red L dwarf spectra, and χ 2 after is χ 2 between standard and corrected red L dwarf spectra. χ 2 value is reduced after the correction for all the objects. Green markers denote low-gravity L dwarfs and magenta markers denote field-aged red L dwarfs both ranging between L0 -L5. Circles denote objects with PDFs with clear peaks. Diamonds denote objects with PDFs for b close to the limit. Thin diamonds denote objects with PDFs for a close to the limit. Squares denote objects with PDFs for both a and b close to the limits. Our sample includes object with ∆(J − K) > 0.1. There appears to be a linear correlation between radius and ∆(J − K) for the field-gravity objects, while there is no noticeable trend for the low-gravity objects. The distributions of low-gravity and field-gravity objects are distinct. ] against ∆(J − K) color. Green markers denote low-gravity L dwarfs and magenta markers denote field-aged red L dwarfs both ranging between L0 -L5. Circles denote objects with PDFs with clear peaks. Diamonds denote objects with PDFs for b close to the limit. Thin diamonds denote objects with PDFs for a close to the limit. Squares denote objects with PDFs for both a and b close to the limits. Our sample includes object with ∆(J − K) > 0.1. The field-gravity objects appear to have lower column densities than the low-gravity objects. There is no visible trend in column density in relation to ∆(J − K) color for both low-gravity and field-gravity objects. Kirkpatrick et al. (1999) Burgasser and McEwain (2006) 
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